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The jaw crusher can be crawler track-mounted or trailer-mounted to realize a mobile unit that can be repositioned, when the need arises, even as the work advances. Moreover, in many cases, the jaw crusher can be easily disassembled for relocation or access to confined places (Carter, 1999) . This enables the jaw crusher to be used in both surface and underground mining. Other advantages of the jaw crusher include its simplicity in structure and mechanism, reliability, ease of maintenance and high capacity, as compared to other types of crusher, such as the cone crusher, the gyratory crusher and the various designs of impact crushers (Zhong and Chen, 2010) .
Today, the most commonly used types of jaw crusher are the single toggle and the double toggle designs. The original double toggle jaw crusher was designed by Eli Whitney Blake in the USA in 1857 (Mular et al., 2002) . The motion of the swing jaw in a double toggle crusher is such that it applies an almost purely compressive force upon the material being crushed. This minimizes wear on the crushing surfaces of the jaws and makes the double toggle jaw crusher suitable for crushing highly abrasive and very hard materials. Even today, the Blake design, with some comparatively minor improvements, can still be found in mines and quarries around the world.
The single toggle design, which was developed between the 1920s and the 1950s, is a simpler, lighter crusher (Mular et al., 2002) . Its swing jaw has an elliptical rolling motion such that it applies a compressive as well as a rubbing force on the material being crushed. This has a force-feeding effect that improves the throughput of the device, but it also tends to cause rapid wear of the crushing surfaces of the jaws. However, the single toggle jaw crusher has a lower installed cost, as compared to the double toggle design. Improvements in materials and design have made the single toggle jaw crusher more common today as the primary crusher in quarrying operations (The Institute of Quarrying Australia, 2013). According to Carter (1999) , sales of the single toggle jaw crusher exceed those of the double toggle jaw crusher by a factor of at least nine to one.
The crushing action of a jaw crusher is brought about by the motion of its swing jaw and the forces that it exerts on the material being crushed (Gupta and Yan, 2006; Pennsylvania Crusher Corporation, 2006) . Therefore, in the study and design of the jaw crusher, it is important to understand the kinematics of the swing jaw.
This paper sets out to obtain a complete kinematical description of the single toggle jaw crusher, from first principles.
Literature review
The mechanics of the jaw crusher mechanism has caught the interest of authors for a long time (Ham et al., 1958; Martin George, 1982; Erdman and Sandor, 1991) . However, until recently (Cao et al., 2006; Deepak, 2010) , the literature on the kinematical analysis of jaw crushers of any kind, in general, and single toggle jaw crushers, in particular, has not been common to find. Ham et al. (1958) discussed the double toggle jaw crusher as an example of a machine that utilizes the toggle effect to exert the large forces that are necessary for crushing hard rocks. They performed a static force analysis of the mechanism, but they did not perform a kinematical analysis. Likewise, Martin George (1982) also featured the double toggle jaw crusher as an example of a toggle mechanism but did not perform a kinematical analysis or even a static force analysis of the mechanism. Erdman and Sandor (1991) presented the double toggle stone crusher mechanism as an example problem, for the reader to solve by using the method of instant centres, and the method of complex numbers. They did not present a kinematical analysis of the mechanism from first principles.
The work of Cao et al. (2006) is a rare presentation of the kinematical analysis of the single toggle jaw crusher from first principles. The paper states kinematical equations without giving details of their derivation. Moreover, a substantial part of the paper by Cao et al. (2006) deals with the mechanism of fracture of the material being crushed, the wear of the crushing jaw surfaces, and it endeavours to explain these phenomena with regard to the kinematics of the swing jaw. Deepak (2010) derived, in detail, the same kinematical equations that had been presented by Cao et al. (2006) . Garnaik (2010) used the equations that had been presented by Cao et al. (2006) and wrote MATLAB ® programmes that were used to plot graphs of the kinematical quantities that described the motion of the single toggle jaw crusher.
In this presentation, a convenient, rather unusual, right-handed Cartesian coordinate reference frame (Kalnins, 2009; Mathcentre, 2009; MIT, 2013 ) is used in setting up a unique kinematical model of the single toggle jaw crusher. The vector loop closure method (Erdman and Sandor, 1991; Kimbrell, 1991; Shigley and Uicker, 1980 ) is then applied to obtain the kinematical equations in a logical and efficacious manner. This method of kinematical analysis is not in itself new, but, to the authors' knowledge, it has not been used before in the study of jaw crusher mechanics.
Methodology
The analysis presented here is somewhat similar to the works of Cao et al. (2006) , Deepak (2010) and Garnaik (2010) . However, a different formulation of the problem and a different procedure for its solution are used. The resulting derivation of the kinematical equations is rigorous, logical and should be relatively easy to follow.
Generally speaking, the aim of any kinematical analysis of a mechanism is to determine the output motion, given the input motion and the kinematical parameters of the mechanism. In the single toggle jaw crusher mechanism, the input motion is the rotation of the eccentric shaft; the kinematical parameters of the mechanism are the effective lengths of the links that comprise the mechanism; and the output motion is the resulting motion of the swing jaw.
The methods of kinematical analysis can be classified into three categories, namely, graphical, analytical and computer-aided methods. Graphical methods can be likened to still photography because they can deal with only one phase of motion at a time. Moreover, even for a given phase of motion, separate graphical constructions must be done for each of the displacement, velocity and acceleration analyses. Thus, a very large number of graphical constructions would be required to obtain anything close to a complete kinematical description of the mechanism. However, the availability of graphical software has made it easier to use graphical methods.
Analytical methods usually result in a small number of equations that contain all the information that is required to completely describe the kinematics of the mechanism. With these equations, the effects of design alterations can be readily investigated. Therefore, analytical methods are inherently more efficient and powerful, as compared
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Single toggle jaw crusher kinematics to graphical methods. Moreover, analytical methods usually are more accurate than graphical methods. Computer-aided methods use software packages that are specially designed for the purpose. Today, there are many, commercially available, interactive and user-friendly software packages that can be used, not only to simulate the motion of mechanisms but also to determine such quantities as displacements, velocities, accelerations, forces and moments, among others. However, the required software and hardware are expensive, and the user requires a good knowledge of the mechanical principles that govern the behaviour of mechanisms, as well as the skill required to use the software (Monkova et al., 2011) . In the design of complex mechanisms, computer-aided methods may be the best choice, but in this study, the mechanism to be analysed is relatively simple, and an analytical method will suffice.
All points in the crushing mechanism of the single toggle jaw crusher are constrained to move in parallel planes. Moreover, the mechanism consists of four links, namely, the eccentric, the swing jaw, the toggle link and the frame, in the form of a closed kinematic chain. All joints in the mechanism are revolute joints. Thus, the mechanism can be modelled as a planar four-bar mechanism with four revolute joints. Further, the analysis of the mechanism recognizes the following two constraints:
(1) All the links in the mechanism are assumed to be completely rigid. Therefore, the effective lengths of the links remain invariant throughout the cycle of motion of the mechanism. (2) The kinematic chain that constitutes the mechanism remains closed throughout the cycle of motion of the mechanism.
As a result of the above-mentioned constraints, for any phase of motion of the mechanism, the effective lengths of the links can be taken to be vectors, of known magnitudes, that form a closed loop. Consequently, a vector loop closure equation can be written for the mechanism. Beyond this, the analysis of the mechanism is reduced to mathematical routine. In this paper, starting with a suitable choice of a coordinate reference frame, a kinematical model of the single toggle jaw crusher is established, and then, a kinematical analysis of the model, based on the vector loop closure method (Erdman and Sandor, 1991; Kimbrell, 1991; Shigley and Uicker, 1980 ) is presented. Application of the results of the kinematical analysis is demonstrated using the dimensional data of a practical single toggle jaw crusher.
The equations obtained in this study should facilitate further studies into aspects of the mechanics of the single toggle jaw crusher, such as static and dynamic force analyses, an understanding of which is essential for sound design of the crusher.
Kinematical model
The concept of the single toggle jaw crusher is illustrated in Figure 1 . The swing jaw drive mechanism, which includes the eccentric shaft, the frame, the swing jaw and the toggle link, can be modelled as a planar four bar mechanism that is known as the crank and rocker (Erdman and Sandor, 1991; Kimbrell, 1991) .
In the kinematical model, which is illustrated in Figure 2 , the eccentric shaft is modelled as a short crank O 2 O 3 , of length r 2 , that continuously rotates about a fixed axis, at O 2 . The swing jaw is modelled as the coupler link O 3 O 4 , of length r 3 , which moves with JEDT 13,2 a complex planar motion that has both rotational and translational components. The toggle link is modelled as the rocker O 4 O 1 , which oscillates about the fixed axis at O 1 . The fixed jaw is considered to be an integral part of the frame of the machine.
In studying the kinematics of the single toggle jaw crusher, it is particularly important to understand the motion of the coupler link O 3 O 4 , relative to the fixed jaw, as the crank rotates through a complete cycle. A right-handed Cartesian reference frame that is convenient for analysing this motion will be used, as shown in Figure 2 . The X -axis is perpendicular to the plane of the figure, and it points at the reader. Angular displacements are taken counter-clockwise, relative to the positive Y direction. 
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Single toggle jaw crusher kinematics
Kinematical analysis
Vector loop closure The analysis of position and displacement can be accomplished through the use of the well-known vector loop closure method (Erdman and Sandor, 1991; Kimbrell, 1991; Shigley and Uicker, 1980) , which is illustrated in Figure 3 . The vector loop closure equation can be written as follows:
Equation (1) can be re-written in the complex vector notation as follows:
Moreover, the Euler identities state as follows (Carmichael and Smith, 1962) :
For conciseness, let us introduce the following notation:
By using equations (3) and (4), equation (2) may be re-written as follows: r 1 (c 1 ϩ js 1 ) ϩ r 2 (c 2 ϩ js 2 ) ϩ r 3 (c 3 ϩ js 3 ) ϩ r 4 (c 4 ϩ js 4 ) ϭ 0
In equation (5), if the real terms and the imaginary terms are considered separately, the following two equations are readily obtained: 
By squaring each of equations (6) 
By adding corresponding terms in equations (7), and noting that c i 2 ϩ s i 2 ϭ 1, the following is obtained:
Now, equations (6) can be rearranged into the following:
Moreover, it is known from trigonometry that (Carmichael and Smith, 1962) :
By substituting equation (9) into equation (8), and using the identity in equation (10), the following is obtained:
In Figure 2 , 1 is a fixed quantity. Moreover, the motion of the crank O 2 O 3 is the input motion and may be considered to be a rotation at uniform angular velocity, 2 . Thus, at an instant in time, t, after commencement of the motion, the value of 2 , in radians, will be determined as follows:
For given values of r 1 , r 2 , r 3 , r 4 and 1 , equation (11) can be used to determine the value of 4 that corresponds to any given value of 2 . In that case, equation (11) will, therefore, describe all the possible phases of motion of the mechanism.
Freudenstein's equation
In the special case where 1 ϭ 0, equation (11) reduces to the following: 2r 1 r 2 cos 2 ϩ 2r 1 r 4 cos 4 ϩ 2r 2 r 4 cos
Each of the terms in equation (13) Equation (14) can be re-written as follows:
Equation (15) is the well-known Freudenstein's equation that has been commonly used in the synthesis of four bar mechanisms (Erdman and Sandor, 1991; Kimbrell, 1991; Shigley and Uicker, 1980) .
Angular displacement of the swing jaw
In the study and design of the single toggle jaw crusher, the motion of the coupler (swing jaw) is of greater interest than that of the rocker (toggle link). Let us now rearrange equation (6) into the following:
By substituting equation (16) into equation (8) and using equation (10), the following is obtained:
For given lengths of the four links in the mechanism, along with the value of 1 , equation (17) can be used to determine corresponding values of 3 for given values of 2 . When compared to equation (11), equation (17) is of greater utility in describing the motion of the swing jaw, relative to that of the crank. If 1 ϭ 0, equation (17) reduces to the following: 2r 1 r 2 cos 2 ϩ 2r 3 r 1 cos 3 ϩ r 4 2 Ϫ r 3 2 Ϫ r 2 2 Ϫ r 1 2 ϭ Ϫ2r 2 r 3 cos( 3 Ϫ 2 ) (18) Equation (18) can be divided through by 2r 2 r 3 to obtain the following:
JEDT 13,2 Equation (19) can be re-written as follows:
Equation (20) 
Position and displacement of a point in the swing jaw
It should be informative to determine the motion of a given point in the swing jaw, relative to the motion of the crank, especially for those points that fall on the crushing surface of the swing jaw. For the purpose of locating such points, the coordinate system illustrated in Figure 4 will be used. In Figure 4 , the Y'Z' coordinate reference frame has its origin at O 3 , and it is fixed in the swing jaw. The point P too is fixed in the swing jaw, and its position is located by the vector r 5 , of magnitude r 5 , whose origin is at O 3 and whose direction is indicated by the angle 5 . Thus: 
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The direction of the vector r 5 taken relative to the Y direction is indicated by the angle 5 , such that:
Thus:
sin 5 ϭ Ϫcos( 3 ϩ 5 ) ϭ sin 3 sin 5 Ϫ cos 3 cos 5 cos 5 ϭ sin( 3 ϩ 5 ) ϭ sin 3 cos 5 ϩ cos 3 sin 5 ͖
In the special case, where 5 ϭ 90 0 , 5 becomes equal to 3 and the point P then lies on the line O 3 O 4 , at a distance of r 5 from O 3 .
In Figure 4 , the location of point P relative to the YZ coordinate reference frame may now be expressed as follows:
y P ϭ r 1 cos 1 ϩ r 2 cos 2 ϩ r 5 cos 5 z P ϭ r 1 sin 1 ϩ r 2 sin 2 ϩ r 5 sin 5 ͖ (24) By using equation (23), equation (24) can be re-written as follows:
y P ϭ r 1 cos 1 ϩ r 2 cos 2 ϩ r 5 (sin 3 cos 5 ϩ cos 3 sin 5 ) z P ϭ r 1 sin 1 ϩ r 2 sin 2 ϩ r 5 (sin 3 sin 5 Ϫ cos 3 cos 5 ) ͖ (25) In the special case where 5 ϭ 90 0 , equation (25) reduces to the following: y P ϭ r 1 cos 1 ϩ r 2 cos 2 ϩ r 5 cos 3 z P ϭ r 1 sin 1 ϩ r 2 sin 2 ϩ r 5 sin 3 ͖ (26) Given the lengths r 1 , r 2 , r 3 and r 4 of the links, along with the angle 1 , equations (17) and (26) can be used to determine the locus of any point on the line O 3 O 4 , for a complete cycle of rotation of the crank O 2 O 3 , provided that the distance r 5 of that point from O 3 is known.
Angular velocity of the swing jaw
An expression for the angular velocity of the coupler (swing jaw) can be obtained by differentiating equation (17) with respect to time. In doing so, it should be borne in mind that r 1 , 1 , r 2 , r 3 and r 4 are all constants with respect to time. The result of the differentiation is then as follows:
JEDT 13,2 Equation (27) can be divided through by r 2 r 3 to obtain the following:
Moreover, the following additional notation can be introduced:
Velocity of a point in the swing jaw The position of a point in the swing jaw is determined by equation (25). In the particular case where the point falls on line O 3 O 4 , its position is then described by equation (26). Thus, the vertical and horizontal components of the velocity of a point on line O 3 O 4 can be determined by differentiating equation (26) with respect to time, to obtain the following:
v PH ϭ ż P ϭ 2 r 2 cos 2 ϩ 3 r 5 cos 3 ͖
Angular acceleration of the swing jaw An expression for the angular acceleration of the coupler can be obtained by differentiating equation (27) with respect to time. In doing so, it should be borne in mind that r 1 , 1 , r 2 , r 3 , r 4 and 2 are all constants with respect to time. The result of the differentiation is then as follows:
Here, the following additional notation can be introduced:
With the use of equation (32) In equation (35), if r 5 is given, then, for any given value of 2 , the corresponding values of 3 , 3 and ␣ 3 can be determined, and therefore, the acceleration components a PV and a PH can also be determined. Cao et al. (2006) used the dimensional data for a PE 400 ϫ 600 single toggle jaw crusher, as shown in Table I .
Application and discussion of the results of the Kinematical analysis
From the data in Table I , it follows, to good approximation, that r 1 ϭ 817 mm and 1 ϭ 3.18 0 . We shall adopt these data, as we proceed in this paper.
Determination of the angular displacement of the swing jaw By using the above-mentioned data, equation (17) can be reduced to the following:
In equation (36), for any given value of 2 , K 1 , K 2 and K 3 can be determined. Moreover, the first of equation (36) may be re-written as follows:
By squaring both sides of equation (37), using the well-known trigonometric identity, cos 2 ϭ 1 Ϫ sin 2 , and then re-arranging the result, the following can be obtained: 
Equation (38) is a quadratic in sin 3 , and it can, therefore, be solved to yield two values of 3 . Thus, there are two possible configurations of the four bar mechanism illustrated in Figure 2 for every given value of 2 . However, only one of these configurations will be suitable for the proper functioning of the crusher mechanism. Figure 5 . For the suitable configuration of the mechanism, as shown in Figure 2 , equations (36) and (38) were used in a Microsoft Excel ® Worksheet, along with the data in Table I , to determine the values of 3 , as 2 was varied from 0 0 to 360 0 . Some of these calculated values are given in Table II . For one full cycle of rotation of the crank, the minimum value of 3 was found to be 159.7 0 , whereas the maximum value of 3 was found to be . The change in angular orientation of the swing jaw, during its cycle of motion, is quite small.
During the cycle of motion of the mechanism, two particular phases are of special interest. These special phases, which are known as toggle positions (Shigley and Uicker, 1980) , occur when the crank O 2 O 3 and the coupler O 3 O 4 fall on the same straight line. For this to happen, either 3 must be equal to ( 2 ϩ 180) degrees or 3 must be equal to 2 . When these conditions are used in equation (17), along with the data in Table I , it is found that the toggle positions will occur when 2 ϭ 161.35 and when 2 ϭ 340 0 . In determining the toggle positions, due regard must be given to the fact that, for each value of 2 , there will be two possible configurations of the mechanism, only one of which will be suitable for the proper operation of the crusher.
A graph of the variation of 3 with 2 is shown in Figure 6 . For a given set of the values of 1 , 2 and 3 , along with knowledge of the lengths of the four links in the mechanism, the corresponding values of 4 can be readily determined using equation (16).
Determination of the position and displacement of a point in the swing jaw
Five points were selected along the length of the line O 3 O 4 , whose distances from O 3 are given in Table III Using equation (26), along with the data given in Tables I and III , the positions of the points P1 through to P5 were determined for one complete cycle of motion of the mechanism. The data in Tables IV and V As can be seen in Table IV , the range of displacement in the Y direction increases monotonously, and at a slightly increasing rate, as we move from point P1 through to P5. Motion of the swing jaw in the Y direction causes a rubbing action between the material being crushed and the swing jaw, thereby causing the crushing surface of the swing jaw to wear. One could, therefore, expect an increasing wear rate as we move from P1 through to P5. On the other hand, during the crushing stroke, any motion of the swing jaw in the downward vertical direction forcefully feeds the material being crushed into the crushing chamber, which is desirable because it increases the throughput of the crusher.
In Table V , the range of displacement in the Z direction decreases at a decreasing rate, as we move from point P1 through to P4 but then increases as we move from point P4 to P5. Displacement of the swing jaw in the Z direction should be the greater contributor to the crushing action.
The loci of points P1 through to P5, for one complete cycle of motion, are shown in Figures 7-11. These loci have been referred to as coupler curves (Kimbrell, 1991; Martin George, 1982; Shigley and Uicker, 1980) . In Figures 7-11 , the scales on the Y and the Z axes should be equal for the forms of the loci to be correct. In Figure 7 , the locus of point P1 is the circle that is described by the crankpin O 3 and centred at O 2 . With the data that were used to determine these loci, this circle has a radius of 12 mm.
As can be seen in Figures 8, 9 and 10, the loci of points P2, P3 and P4 appear to be ellipses of varying proportions. As we move from point P2 to P3 and on to P4, the major axis of the ellipses grows longer, whereas the minor axis grows shorter. Moreover, the major and minor axes of these ellipses are increasingly angled relative to the YZ coordinate reference frame.
In Figure 11 , the locus of point P5 is in reality a circular arc that is described by the rocker pin O 4 and centred at O 1 . With the data that were used to determine the loci, the rocker has a length of 455 mm, and the rocker pin O 4 would describe a circle of circumference 2,859 mm in one complete rotation. However, for one complete rotation of the crank, the range of oscillation of the rocker is only 4.39 0 . Thus, the length of the arc described by the rocker pin O 4 is only about 35 mm or 1.2 per cent of the circumference of the complete circle. Therefore, the arc described by the rocker pin O 4 is infinitesimal compared to the complete circle that it is a part of. This is why its curvature is hardly noticeable in Figure 11 . Table I , equation (28) may be re-written as follows:
In equation (39), for any given value of 2 , with the corresponding value of 3 having been determined, K 1 , K 2 and K 3 can be determined. Equation (39) was used to determine the values of 3 , as 2 was varied from 0 0 to 360 0 . Some of the calculated values are given in Table VI. For one full cycle of rotation of the crank, the minimum value of 3 was found to be Ϫ 0.476 radians per second or Ϫ 4.55 rpm, whereas the maximum value of 3 was found to be 0.451 radians per second or 4.3 rpm. Thus, the angular velocity of the coupler (swing jaw) is generally small. 
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Single toggle jaw crusher kinematics A graph of the variation of 3 with 2 is shown in Figure 12 . Note in Figure 12 that the angular velocity of the swing jaw becomes zero at the instances where the angular displacement of the swing jaw attained maximum and minimum values, as can be seen in Figure 6 . This is to be expected because it is at these instances that the rate of change of angular displacement of the swing jaw instantaneously becomes zero.
Determination of the velocity of a point in the swing jaw
With the data given in Table I and with the value of 2 taken to be 28.8 radians per second, equation (30) can be re-written as follows:
v PH ϭ ż P ϭ 0.3456 cos 2 ϩ 3 r 5 cos 3 ͖
In equation (40), if r 5 is given, in metres, then, for any given value of 2 , the corresponding values of 3 and 3 can be determined, as was earlier done, and therefore, the velocity components v PV and v PH can be determined in metres per second.
For the values of r 5 given in Table III , the values of the velocity components v PV and v PH were determined for one complete cycle of motion of the mechanism. The data in Tables VII and VIII Table VII , negative values of velocity indicate a vertically downward motion, whereas positive values indicate a vertically upward motion. As can be seen in Table VII , the maximum value of the component of velocity in the Y direction, whether it is directed upward or downward, increases monotonously, and at a slightly increasing rate, as we move from point P1 through to P5. Once again, this could suggest an increasing rate of wear as we move from P1 through to P5. Moreover, as we move from point P2 through to P5, slightly greater velocities are achieved in the vertically upward direction, as compared to the vertically downward direction, although the difference is small. 
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The vertical components of velocity for points P1 through to P5 are compared graphically in Figure 13 , for one complete rotation of the crank. It can be seen in Figure  12 that the angular oscillation of the swing jaw instantaneously stops when 2 Х 118.81 0 and when 2 Х 295.625 0 . With no angular oscillation of the swing jaw, its motion becomes a pure translation and all the points in it have the same vertical components of velocity, as can be seen in Figure 13 .
In Table VIII , negative values of velocity indicate that the swing jaw is moving away from the fixed jaw, whereas positive values indicate that the swing jaw is moving towards the fixed jaw. As can be seen in Table VIII , the maximum value of the component of velocity in the Z direction increases at an almost constant rate, as we move from point P1 through to P5. Moreover, as we move from point P1 through to P5, the maximum value of the component of velocity in the Z direction appears to remain unchanged, whether the swing jaw is moving towards the fixed jaw or away from the fixed jaw.
The horizontal components of velocity for points P1 through to P5 are compared graphically in Figure 14 , for one complete rotation of the crank. Again, the instances when the angular oscillation of the swing jaw instantaneously stops are evidenced in Figure 14 by the crank positions at which all the points in the swing jaw have equal horizontal (as well as vertical) components of velocity.
In Figures 13 and 14 , it can be seen that, for approximately the first quarter of rotation of the crank, the swing jaw moves vertically downward and horizontally towards the fixed jaw, thus forcefully feeding the charge of material into the crushing chamber and 
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Single toggle jaw crusher kinematics simultaneously crushing it. For the second quarter of rotation of the crank, the swing jaw still moves vertically downward but horizontally away from the fixed jaw, thus letting the crushed material fall through the crushing chamber. For the third quarter of rotation of the crank, the swing jaw moves vertically upwards and horizontally away from the fixed jaw, still letting the crushed material fall through the crushing chamber. Finally, in the last quarter of rotation of the crank, the swing jaw continues to move vertically upwards but horizontally towards the fixed jaw, thus beginning another crushing cycle.
Determination of the angular acceleration of the swing jaw
By letting 2 ϭ 28.8 radians per second, as was done before, and using the data in Table I , equation (34) may be re-written as follows:
With the values of 3 and 3 that correspond to given values of 2 having been determined, equation (41) Table IX . For one complete cycle of motion of the swing jaw, the minimum value of its angular acceleration occurred at 2 ϭ 123.9 0 and was found to be Ϫ 13.208 radians per square second, whereas the maximum value of its angular acceleration occurred at 2 ϭ 291.2 0 and was found to be 13.573 radians per square second. Thus, the angular acceleration of the swing jaw can attain substantial magnitudes.
A graph of the variation of ␣ 3 with 2 is shown in Figure 15 . 
Determination of the acceleration of a point in the swing jaw
For the values of r 5 given in Table III , the values of the acceleration components a PV and a PH were determined, using equation (35), for one complete cycle of motion of the mechanism. The data in Tables X and XI are representative of the results. In Table X , negative values indicate an acceleration that is directed vertically downward and would either slow down the vertical component of velocity of the swing jaw, if it were moving in the upward direction, or speed up the vertical component of velocity of the swing jaw, if it were moving in the downward direction. Positive values indicate an acceleration that is directed vertically upward and would either slow down the vertical component of velocity of the swing jaw, if it were moving in the downward direction, or speed up the vertical component of velocity of the swing jaw, if it were moving in the upward direction. As can be seen in Table X , the maximum value of the component of acceleration in the Y direction increases monotonously, at a slightly increasing rate, as we move from point P1 through to P5. 
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In Table XI , negative values indicate an acceleration that is directed horizontally away from the fixed jaw and would either slow down the horizontal component of velocity of the swing jaw, if it were moving towards the fixed jaw, or speed up the horizontal component of velocity of the swing jaw, if it were moving away from the fixed jaw.
Positive values indicate an acceleration that is directed horizontally towards the fixed jaw and would either slow down the horizontal component of velocity of the swing jaw, if it were moving away from the fixed jaw, or speed up the horizontal component of velocity of the swing jaw, if it were moving towards the fixed jaw. As can be seen in Table XI , the maximum value of the component of acceleration in the Z direction decreases monotonously and at a slightly decreasing rate, as we move from point P1 through to P5. The vertical components of acceleration for points P1 through to P5 are compared graphically in Figure 16 , for one complete rotation of the crank.
It can be seen in Figure 15 that the angular velocity of the swing jaw instantaneously becomes zero when 2 Х 26.32 0 and when 2 Х 207.92 0 . At these instances, the acceleration of the swing jaw becomes purely translational, and all the points in it have the same vertical component of acceleration, as can be seen in Figure 16 .
The horizontal components of acceleration for points P1 through to P5 are compared graphically in Figure 17 , for one complete rotation of the crank. Again, it can be seen in Figure 15 that the angular velocity of the swing jaw instantaneously becomes zero when 2 Х 26.32 0 and when 2 Х 207.92 0 . At these instances, the acceleration of the swing jaw becomes purely translational, and all the points in it have the same horizontal (and vertical) component of acceleration, as can be seen in Figure 17 . 
Conclusions
The crushing mechanism of the single toggle jaw crusher can be modelled as a planar crank and rocker mechanism, with the eccentric shaft being modelled as a short crank, the swing jaw of the crusher being modelled as the coupler link and the toggle link being modelled as the rocker.
Starting with a suitable right-handed Cartesian coordinate reference frame, a unique kinematical model of the single toggle jaw crusher was established. The vector loop closure method and the differential calculus were then used to derive, from first principles, the equations of position, velocity and acceleration for any specified point in the swing jaw of the crusher. The method of kinematical analysis used here is not in itself new but, to the authors' knowledge, it has not been used before in the study of jaw crusher mechanics and the kinematical equations, as derived and presented in this paper, have not been presented elsewhere.
Application of the derived equations was demonstrated with the use of the dimensions of a practical single toggle jaw crusher. Further, it was demonstrated, with the aid of graphical plots, that the motion of the swing jaw of the single toggle jaw crusher would have both horizontal and vertical components, relative to the material being crushed. Thus, the swing jaw applies a compressive crushing force as well as a rubbing force upon the material being crushed. The downward, rubbing force increases the throughput of the crusher but also increases the rate of wear of the crushing surfaces of the jaws.
The equations derived in this paper can be used to investigate the effects of any alterations in the design of the crusher mechanism, upon its kinematics. Further, given the kinematical equations, a static force analysis of the mechanism can be carried out to determine the force transmission characteristics of the mechanism. Moreover, a dynamic force analysis can be carried out to determine the dynamic behaviour of the 
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mechanism. An understanding of the force transmission characteristics and the dynamic behaviour of the mechanism is essential for sound design of the crusher. The methods used in this paper can be applied to other types of jaw crushers, such as the double toggle jaw crusher. A similar analysis of the double toggle jaw crusher, for instance, would then facilitate an objective evaluation of its performance, as compared to the single toggle jaw crusher.
